
Stability of Minkowski space R
3+1

Theorem (Christodoulou-Klainerman, 1993). Let (Σ, ḡ, K) denote

vacuum initial data sufficiently close to trivial data. Then the

maximal Cauchy development (M, g) is geodesically complete and

asymptotically approaches Minkowski space in all directions, at a

sufficiently fast rate. Moreover, an asymptotic structure “future

null infinity” I+ can be defined, such that I+ is complete and the

“laws of gravitational radiation” take a rigorous form on I+.

Finally, J−(I+) = M.

More recent developments: Zipser (Einstein–Maxwell), Bieri (weak

regularity and decay assumptions), Lindblad–Rodnianski (stability

of the harmonic gauge), etc.
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Black holes: the Kerr family 0 ≤ |a| ≤ M
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a = 0 Schwarzschild
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Non-linear stability of Kerr conjecture

Conjecture. Let (Σ, ḡ, K) denote vacuum initial data sufficiently

close to Kerr data for parameters ai, Mi. Then the maximal

Cauchy development (M, g) admits an asymptotic structure “future

null infinity” I+ such that I+ is complete, and g restricted to

J−(I+) approaches in a suitable sense another Kerr solution with

parameters af , Mf (at a sufficiently fast rate), where af , Mf are

near to ai, Mi.

Note: The stability statement only concerns the proper subset

J−(I+) ⊂ M. Stability is understood in the sense of ‘asymptotic

stability of the family’. Moreover, ai = 0 6⇒ af = 0. Thus one

cannot discuss the stability of Schwarzschild.
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Poor man’s linear theory

Fix a Cauchy surface Σ in a blackhole space time (M, g)

(Schwarzschild, Kerr, something more general?): Prove quantitative

boundedness and decay estimates on the exterior region for

solutions to the linear equation

2gψ = 0

on M in terms of norms computable on Σ. Assume no symmetry

on ψ.
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Compare

Non-quantitative scattering type statements (Dimock, Bachelot,

Twainy, Nicolas, Häfner, Daude, Finster et al, etc.) restricted to

Schwarzschild or fixed-azimuthal modes on Kerr

Mode stability, quasinormal modes on Schwarzschild, Kerr

(Whiting, Bachelot, Zworski-Sa Barreto, . . . )

Tails for fixed spherical harmonics on Schwarzschild (Price,

Gundlach, M.D.–Rodnianski, Machedon–Stalker, Bizon et al,

Kronthaler, Donninger-Schlag–Soffer. . . )
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The state of the art for the ‘linear theory’

1. Boundedness in a general class of stationary axisymmetric

spacetimes (M.D.–Rodnianski)

2. “Integrated local energy decay” for exactly Kerr a≪M

(M.D.–Rodnianski, Tataru–Tohaneanu, Andersson–Blue), and

a < M (M.D.–Rodnianski)

3. Pointwise-in-time decay from 1. and 2. (M.D.–Rodnianski,

Tataru)
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The main features

1. Red-shift

2. Superradiance

3. Trapping
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The red-shift

The redshift is classically understood in the geometric optics

approximation in terms of signals sent by two observers A and B.

First discussed in the Schwarzschild setting by

Oppenheimer-Snyder, 1939.
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Superradiance

In Schwarzschild, the vector field ∂t is timelike in the exterior,

becoming null on the horizon. Thus there is a conserved

non-negative definite energy.

In stationary perturbations of Schwarzschild, ∂t in general becomes

spacelike near the horizon. This happens already for Kerr with

0 6= |a| ≪M . For particle motion, this leads to the so-called

Penrose process. For waves, this leads to the phenomenon of

superradiance (Zeldovich).

In particular, one cannot prove a priori any boundedness

statement, even away from the horizon.
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Trapping

On Schwarzschild, the “photon sphere” r = 3M has the property

that it contains null geodesics. These null geodesics thus neither

escape to I+ nor to the horizon H+.

In Kerr, the behaviour persists, but it is more complicated!

One can concentrate energy for arbitrarily large times near trapped

null geodesics. One has to capture this to prove dispersive results.

In particular, pointwise-in-time decay estimates for energy must

lose derivatives (Ralston).
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Redshift II

The redshift effect can be captured by a robust generalised energy

identity associated to a suitable vector field multiplier N and

vector field commutators.

That is to say, one can construct a suitable vector field N (which is

timelike and transverse to the horizon) such that the divergence

KN [ψ] of its energy current JN [ψ] has good positivity properties

near the horizon. These good properties survive under

commutation, i.e. considering JN [N · · ·Nψ]. (M.D.–Rodnianski)

This construction is completely general and only depends on the

positivity of the so-called surface gravity.

(C.f. earlier understanding of waves on the horizon on

Schwarzschild in pioneering work of Kay–Wald)
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Superradiance II

In the presence of 2 Killing fields ∂t and ∂ϕ which span the null

generator of the horizon (like in Kerr), the superradiant part of the

solution can be isolated from the non-superradiant part.

For the superradiant part, the only mechanism for boundedness is

dispersion. For small perturbations of Schwarzschild, however, one

can show that the superradiant part is not trapped! This allows for

a very general boundedness theorem (M.D.–Rodnianski) which

includes as a very special case Kerr with |a| ≪M .

In particular, the boundedness property does not depend on the

details of geodesic flow!
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Trapping II

History: In the Schwarzschild case pioneering work of Laba–Soffer,

adapted by Blue–Soffer.

Followed by M.D.–Rodnianski, Blue–Sterbenz, Metcalfe et al,

Alinhac, etc.

Idea: construct vector field multiplier currents JX [φ] whose

divergence KX [φ] enjoys nonnegativity properties with

degeneration precisely at r = 3M .

In the Kerr case, the set where there is degeneration must be

understood in phase space and the above methods are insufficient

(Alinhac). Two original approaches (M.D.–Rodnianski,

Tataru–Tohaneanu). Recent work of Andersson–Blue.
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Open problems

1. The extremal case a = M

2. Spin 2 (see Blue for Maxwell)

3. Λ 6= 0 (see Bony–Häfner, M.D.–Rodnianski, Melrose-Sa

Barreto–Vasy for Schw–de Sitter, Holzegel for Kerr–AdS and

perturbations)

4. Integrated decay with less assumptions on the geometry

(c.f. the boundedness result)

5. Construction of exponentially growing modes for Klein-Gordon,

related instabilities in AdS
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