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Introduction

Join work with C. Cances, F. Coquel, E. Godlewski, N. Seguin
Supported by LRC Manon, CEA and UPMC Paris 6

o Complex flows modeling: compressible two-phase flows (liquid+gas)
» multi-scales (space and time)

@ Couple complex models: coupling of a fine model with a coarser one

@ Coupling interface evolves in time
@ Aim: compute an modeling error indicator in order to
» determine dynamically the sub-domains

> D¢(t) : fine model solved to preserve accuracy (reference model)
> D.(t) : coarse model solved (simplify computation)

» Adapted model on D = Dr U D,
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Introduction

Algorithm t" — t"+1;

Let (ujt) known VK and 6 a given threshold

@ Compute the indicator e := e(uy) in each cell K
@ Define the partition of the computational domain
- DI = (K;lep| > 0}
> DI =K |ek| < 6}
@ Solve the fine model if K € D}H"H

and the coarse model if K € D7—"+1

» Coupling strategies at sub-domains interface

Note : ep ~ ||(ur)i ™ — (uc)ic |l
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Introduction

Model error indicator:

@ Scalar case [Kruzhkov 70 ; Kuznetsov 76 ; Lucier 86 ;
Bouchut, Perthame 98 ; Kroner, Ohlberger 00]

@ System case: relative entropy [Di Perna 79, Dafermos 05, Tzavaras
05,... ]

© Chapman-Enskog expansion
Coupling strategies:
@ Thin or diffuse interfaces [Boutin 09, Ambroso et al 07, Caetano 06|

© Thin coupling, “state coupling”
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Outline

@ Introduction

9 Hyperbolic systems with relaxation
@ Chapman-Enskog expansion

© Adaptation
@ Discrete indicator and discrete CE
@ Coupling and algorithm

@ Numerical illustrations
@ Suliciu and P-system
@ Phase transition
@ 7 equations and Euler
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Outline

© Hyperbolic systems with relaxation
@ Chapman-Enskog expansion
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Structure of relaxation

Hyperbolic systems with source term [Chen, Levermore, Liu 94 ; Serre 09 ;

Hanouzet, Natalini 03,...]

W+ 0uFa(W) = %R(W) (1)

with W(0, x) = Wo(x)
o W(x,t): RxR" — QCR", set of admissibles states

o F,R:R"™ — R" regular fluxes, R source term

o ¢ relaxation parameter
@ Relaxation: R(W) =0 < W equilibrium state
» equilibrium manifold Q.; = {W € Q: R(W) = 0}
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Dissipative structure of relaxation systems

It exists ® : R” — R and ¥V : R” — R such that
DywoDw F = Dy

Regular solutions satisfy:

00(W) + 3 0aWa(W) = — - D ®(W)R(W) < 0

o & convex: DgVCD positive definite on Q¢

o Dissipative entropy, compatible with the source term [Bouchut 04]

Dw®R >0 in R"
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System with relaxation source term: fine model

Focus on hyperbolic system with “BGK" source term

Fine model:

Oru + Z Oafo(u, v)=0

1
0o+ 3 O, V)=~ (veg(w) ~ v) (My)
~+ Relaxation: (u,v) € Qeq < v = veq(u)

Coarse model: equilibrium system of conservation laws

Oru+ Y Dafo(u, Veg(u)) =0 (M)
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Chapman-Enskog expansion [Chapman, Cowling 60]

Let us consider
VE = Veq +evi + O(£?)

Proposition

Up to &2 terms, the smooth solutions of (M) satisfy

8tu+28 fo(u, veq(u)) = —& (Za V. fo(u, veq(u))> 1, (Para)

where

[Zaaga U, Veg(u an fo(u, veq(u )]
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Chapman-Enskog

Proof
Let us plug the ansatz

VE = Veg +ev1 + O(£?)
into the fine model:
Oru + Z Ouafo(U, Veq) = —¢ (Z 0oV fo(u, veq)) vi+ 0(82) (2)
a1.“Veq + Z 804311(”7 Veq) =—vi + O(E) (3)

o Equation (2) is exactly (Para)
o Multiply (2) par Vveq(u)™ and combine with (3)
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Remarks

@ Second order intermediate model (Para):

» Regular solutions of the fine model solve (Para) up to &

» When ¢ — 0, recover the (M)
@ Second order term dissipative

@ Expansion fails near shock, calculus valid only for smooth solutions
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Outline

© Adaptation
@ Discrete indicator and discrete CE
@ Coupling and algorithm
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Fine model scheme

Assume the approximation Z = (uj, vg) is known at time t”

@ Convective part t" — t"T1:

B At
u T = vk = G D lewdF(Zk, 21 mia)
LeEN(K)
) At
W= Ry 2 ekl G(ZR 21 ma)
LEN(K)
@ Source term t"ThT 5 1L
uf(—H _ u;7<+17—
_ At
V;y_l = v;y_l’ + ?(Veq(u}n{i_l) - V;}—H) (Sr)
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Coarse model scheme

~+ When ¢ — 0 in (S)
@ Convective part t” — t"T1~: similar to fine scheme with

VK = Veq(Uk)

@ Source term t" L~ — ¢t

uf<+1 _ uf<+1,f
vk = Veg(ug™ ) (Se)

O Compatibility between the schemes — simplify adaptation algorithm
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Discrete indicator

© Similar construction as the regular case:
n+1 n+1 n+1
V' = Veglug' ) Fevii

Proposition

Up to €2, one has:

. 1
= > lewdl [6(Z0k. 221, nia)
LEN(K)
+vVeq(uf<)TF(ng,z;L,nKL)]

where Z[ .« = (ufe, veq(uf))™
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Remarks

o The indicator is ef} = cv]'/!, that is

ex = vt — veg(u™) (indic)

with

1
Vﬁl:—m > ex

LEN(K)
(G(ZL k. Z0 1, nie) + Vveq(up) T F(Z0 k. Z0 1 )]

O At time t""! the indicator is an explicit function of (u}})x
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Adapted model and coupling

Adapted model: Vn e N

(M) solved in D71 x (7, ¢n+1)
(M) solved in DI+l 5 (7 ¢n+1)
Coupling conditions in D"t A DIt o (¢ 0ty

Coupling conditions:
At an interface, consider (ur, vs) € DF 7" and (uc, veq(uc)) € DI+

ur "=" uc .
won couplin
{ v = Veq(Uc) ( P g)

@ Coupling condition understood in a weak sense [Dubois, LeFloch 88 ;
Ambroso, Boutin, Caetano, Chalons, Coquel, Galié, Godlewski,

Lagoutiere, Raviart, Seguin|
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Algorithm

A) VK, compute ey using (indic)
B) Define the partition of the computational domain
> DT = (K |ef| > 0)

> DI = {K; |ek| < 0}

C) At this stage Df "t U DI = RY
VK:
- If K and its neighbors € D7~
- Compute W2t with (Sr)

- If K and its neighbors € D7 7+1
- Compute W™ with (S,)

- Else
- Compute W2t with (coupling)
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Outline

@ Numerical illustrations
@ Suliciu and P-system
@ Phase transition
@ 7 equations and Euler
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Suliciu and P-system

Fine model: Suliciu system

T —0xu = 0
8tu+8xr| =0
0T = 2(r-T)
with
N(r,7)=p(T) + a2(T —7)
and

2’ > maxs(—p'(s)) and p=p(r)=77,7v>1

~> Relaxation: equilibrium state 7 =7
Coarse model: barotropic Euler equations
T —0Oku = 0
Oru+0xp = 0
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Suliciu and P-system

Adaptation parameters: 0 =5 x 10% ¢ =10°

-0.2

Hélene Mathis (LMJL)

T
Adapted model

Fine model

Coarse model

Indicator (1: fine, 0: coarse)

-05 0 05 1

Figure: Velocity u
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Phase transition [Helluy, Seguin 06 ; Allaire, Faccanoni,
Kokh 12]

Fine model: Euler equations + transport of volume fraction of gas

Otp + Ox(pu) =0
Ot(pu) + Ox(pu® +p) =0
9t(pE) + Ox((pE + p)u) =

Ju
0u(p) + 0 pup) = gmc,(p) )
with
(m—1)pe ifp=1
p(x,t) =p(p,e;0) = (Wp) —1)pe f1>¢>0
(72 — 1)pe if =0

~ Relaxation: equilibrium ¢ = @eq(p)

~ Mixture pressure law
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2D test case

Test case: liquid + production of a bubble of gas
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Adaptation parameters: ¢ = 1072, § = 500

Hélene Mathis

Two-Phase Fluid Flows, 2012 24/31



2D test case

Coarse:

Fine:

Adapted:

Model indicator:

@ Mass fraction ¢: blue = liquid, red = gas
@ Indicator: blue = fine, red = coarse
°

Hélene Mathis (LMJL) Two-Phase Fluid Flows, 2012 25/31



7 equation model

~> Work in progress

Compressible two-phase flows [Baer, Nunziato 86|

1
Orauy + ugOxoy = 5—(Pk - pr)
p

Ot(akpk) + Ox(akprux) =0
1
Or(akpruk) + Ox(akprui + axpr) — proxok = _6_(Uk —u)

1
O(akprEx) + Ox((akpr Ex + api)uk) — prurOxoy = _;(Tk -T)

ur Pz
gu(uk uj) Ep(Pk pr)

with k., /=12, | #kand a1 + ap =1

Hélene Mathis (LMJL) Model adaptation for hyperbolic systems Two-Phase Fluid Flows, 2012 26/31



Fine model: 7 equation model

[Baer, Nunziato 86 ; Gallouét, Hérard, Seguin 04 ; Andrianov, Warnecke
04 ; Ambroso, Chalons, Raviart 11...]

Assumptions:
o Interfacial closure law: uz = u1, pz = po
o Perfect gas law: px = (7x — 1)pkex et Ty = e

@ Same relaxation time-scales : ¢ = ¢, =, =71

Difficulties:
@ Non conservative system
@ Non strictly hyperbolic
@ Non strictly convex entropy
o Non BGK-like source term

Hélene Mathis (LMJL) Two-Phase Fluid Flows, 2012 27/31



Fine model: 7 equation model

Rewrite under the form

0:U+ 0. f(U,V) = 0
9:V + 0xg(U, V) + h(U, V)Oxa1 = ér(U, V)

1p1
ajq
with U = pu and V= | aipiu1 where
pE a1p1U1
p = aip1+ aopr
pu = ai1piul + appauz
pE = a1p1Er + axp2bEr
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Coarse model: Euler equations

~ Equilibrium state: r(U,V) =0 << V(U) =V

up = up
p = pPL=p2
T = T1=T1

Coarse model:
Or(a1p1) + Ox(a1prur) =0
Oep + 6x(pu) =0
Ot(pu) + Ox(pu® +p) =0
9¢(pE) + Ox((pE + p)u) =0

Pressure law: p = (v(U) — 1)pe with:
(2—1p

AU) = (n — 1)”12“) 11 oet p(U)=

(2 =1)ar+ (1 —a1)(m—1)
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Chapman-Enskog [Dellacherie 03]

Proposition

Up to &2 terms, regular solutions satisfy:
Or(aapr) + Ox(a1prur) = €0 A
Orp + Ox(pu) = €0, B
O:(pu) + Ox(pu? + p) = €05 C
9¢(pE) + 0x ((pE + 0)u) = €0xD
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Chapman-Enskog [Dellacherie 03]

Proposition

where P
A = p(N1)*Y2 <p_ = 1> Oxp
1

B = pYiYe0,P (Yl (ﬁ—1> 1Y, (-—1))
P1 P2

c - T (201p1 — p)?

p? aip1(p — aipr) )

D = UC+8X (le Y28Xp |:Y1 <— — 1) h1 I Yz (— — 1) h2:|>
P1 P2

with Y, = 2kPk
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Adaptation for 7 equations

O Indicator explicit function of U = (ayp1, p, pu, pE)T

e Fine model scheme [Gallouét, Hérard, Seguin 04 ; Ambroso, Chalons,
Raviart 11]

» semi-implicit discretization of the relaxation terms

o Coarse model scheme [Abgrall ; Abgrall, Saurel]

© No discrete Chapman-Enskog expansion
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