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Abstract. Let M be a globally hyperbolic spatially compact
spacetime with dimension 1+ 1.
A Cauchy surface in it is diffeomorphic to the circle and, more
canonically, its space of lightlike geodesics is diffeomorphic to two
copies of the circle and, under mild conditions, M embeds as an
open set of the 2-torus.
The isometry group G of M acts naturally on these circles, so that
G is a subgroup of Diff(S1). We will establish here that G tends to
be included in PSL(2,R), the group of projective transformations of
the circle S1, up to a global conjugacy by an element of the circle.



Globally hyperbolic space times

(M, g) Lorentz space

- S ⊂ M Cauchy surface, if any timelike curve can be

extended to meet S exactly once.

• Globally hyperbolic Spatially compact (GHSC): when S is

compact

- (M, g) GHSC ⇐⇒ it has a proper time function, i.e. a

submersion T : M → R, with ∇T timelike, and the levels of

T compact.



The space of null geodesics

G−(M) = space of timelike geodesics (maximal and

non-parametrized)

: a Haussdorff manifold diffeomorphic to the bundle

T−M|S → S ,

the fibers ∼= (n − 1)-hyperbolic space Hn−1,

( n = dimM = dim S + 1)

(From a symplectic point of view G−(M) ∼= T ∗S ...)



G0(M) = space of null geodesics
∼= spherical Sn−2-bundle over S
∼= P(TS)→ S

M spatially compact =⇒ G0(M) compact



Actions

G = Iso(M, g) acts on G−(M) and on G0(M)

Conf(M, g) acts on G0(M)

However:

Iso or Conf do not act on TS or P(TS)

(the previous identifications are not equivariant)
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The de Sitter space dSn

dSn is the sphere of radius +1 in the (n + 1)-Minkowski space

= {x = (x0, x1, . . . , xn)/− x2
0 + x2

1 + . . . x2
n = +1}

– dSn is a warped product R×w Sn−1

g = −dt2 ⊕ w 2(t)canSn−1 ,

w(t) = ...

– Iso(dSn) = O(1, n)

No Cauchy sphere (or any surface) is preserved by Iso, because

Iso acts transitively!



The question

When does it happen that Iso(M, g) preserves no Cauchy

surface ?

- Dynamical counterpart: Iso preserves some Cauchy surface

⇐⇒ it acts properly on M ⇐⇒ it preserves some (auxiliary)

Riemannian metric on M

— Relativistic effects: when there is no natural Riemannian

metric companion of the Lorentzian one.

The question consists on finding spaces with relativistic effects.



Dimension 2

- (M2, g) GHSC

Topologically S ∼= S1 and M ∼= a cylinder R× S1

- G0(M) is a 2-folded cover of S1

=⇒ G0(M) is 1 or 2 copies of S1.

Up to an index 2 subgroup, Iso(M, g) and Conf(M, g) act on

S1

QUESTION: Classify subgroups of Diff(S1) that are equal to

the isometry group of some GHSC surface.



Diff(S1)

A central object in mathematics and physics: hyperbolic

geometry, dynamical systems, group actions, infinite

dimensional Lie groups, conformal field theory... (Virasorro...)



Conformal immersions in T2

The conformal structure of (M, g)

⇐⇒ a field of cones

⇐⇒ giving two directions in the tangent space at each point

Up to an orientability condition

⇐⇒ giving two 1-dimensional foliations Fr and Fl

The quotient spaces Qr and Ql
∼= S1

FIGURE



The actions:

ρr : Iso(M, g)→ Diff(Qr) ∼= Diff(S1) (and similarly ρl)

The mapping: I : x 7→ (Fr (x),Fl(x)) ∈ T2 is a conformal

immersion

(The conformal structure on T2 given by T2 = S1 × S1)

Hypothesis: a leaf Fr (x) meets a leaf Fl(y) at most one.

⇐⇒ I is an embedding

Remark:ÊThe study of Iso might be easier in the other case...



With this hypothesis, conformally M becomes an open subset

of T2

Remark: T2 itself if far from being globally hyperbolic!

Fact: M is the complementary set of one or two causal closed

curves in T2.



Case of dS2

It is T2 − {Diagonal}
Also:

S1 × S1 − {Diag} = (R ∪∞)× (R ∪∞)− {Diag}, with the

metric
dxdy

(x − y)2

Conf = Diff(S1) acting by (x , y)→ (f (x), f (y),

(for f ∈ Diff(S1))

Iso = PSL(2,R)



PSL(2,R)

Action on S1:

SL(2,R) acts linearly on R2− 0 and hence on the set of vector

subspaces of dimension 1 (lines) ∼= P(R2)

On S1 = R ∪∞, the action is x → ax+b
cx+d , for

(
a b
c d

)
∈ SL(2,R).



Restricting the conformal structure

To simplify..., assume M is conformal to dS2,

i.e. the image of its conformal immersion in T2 is:

S1 × S1 − Diag

The metric has a local form α(x , y)dxdy

(α > 0)

The metric is equivalent to giving a volume form ω = αdx ∧dy



• The question: Describe isometry groups of metric

(S1 × S1 − Diag, αdxdy)

- Analytically, f ∈ Diff(S1) determines an isometry by

(x , y)→ (f (x), f (y)

⇐⇒
α(x ,y)

α(f (x),f (y)) = f ′(x)f ′(y)



Example: homographies

f : x 7→ ax+b
cx+d

satisfies the exact mean value:

(f (x)− f (y))2

(x − y)2 = f ′(x)f ′(y)



Topological Rigidity

Theorem
(D. Monclair) Let (M, g) be a GHSC surface conformally

equivalent to dS2 equipped with a smooth metric g smooth

(C 2 is enough).

Then the Iso(M, g) action on S1 is topologically conjugate to

the action of a subgroup Γ in PSL(2,R):

There exists φ : S1 → S1 homeomorphism (of class C 0) such

that

f = φ−1ρ(f )φ, ∀f ∈ Iso(M, g)

where ρ : Iso(M, g)→ Γ = ρ(Iso(M, g)) ⊂ PSL(2,R),

isomorphism,



Non-smoothness of φ

If φ were smooth, then the pull back of the metric by φ× φ
has Γ as an isometry group,

- The problem becomes: find metrics conformal to dS2 having

as isometry group a subgroup Γ of PSL(2,R)?

- It would also implies that Iso(M, g) as a subgroup of Diff(S1)

is smoothly conjugate to a subgroup of PSL(2,R)



The problem of conjugacy: continuous =⇒
smooth?

– The simplest case: f ∈ Diff(S1) conjugate to a rotation of

irrational angle: Hermann, Yoccoz, Arnold, Kolmogorov,

Moser...

In general: a complex history...



Analytic case

Theorem
If the metric is analytic, then φ is analytic.

If fact, unless Iso(M, g) is isomorphic to R or Z,

(M, g) is isometric to dS2



With lower smoothness

There exist:

- Γ subgroup of PSL(2,R) with all its orbits dense in S1 and

some orbits dense in S1 × S1 − {Diag},
- φ : S1 → S1 C 0-homeomorphism

- L = φ−1Γφ is contained in Diff1(S1)

- L preserves a metric g on S1 × S1 − {Diag} which is

C 1+Zigmund

- The metric is C 1+Lipschitz iff φ is smooth and g isometric to

dS2.


