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1. Schwarzschild, Kerr

and the cosmic censorship conjectures
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The Schwarzschild solutions (M, g) (discovered December 1915) are a family

of spherically symmetric vacuum spacetimes evolving from a two-ended

asymptotically flat Cauchy hypersurface Σ:
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(M, g) is geodesically incomplete, but future null infinity I+ is complete. The

past of I+ is bounded by an event horizon H+, and all incomplete observers γ

cross the event horizon into a black hole region.

Not only does curvature blow up, but all incomplete observers γ are torn

apart by tidal deformations as they approach a spacelike singularity. The

spacetime metric is inextendible beyond r = 0 even as a merely continuous

Lorentzian metric (Sbierski).

4



Weak cosmic censorship (“Global existence”)

In the early days of general relativity, one could hope that geodesic

incompleteness would “go away” upon small perturbation of the initial data Σ.

Penrose’s celebrated incompleteness theorem showed that this is not the case.

The “best” that one can hope for is that any incompleteness is “hidden” in

black hole regions, just as in Schwarzschild, and that far-away observers still

can observe for all time:

Conjecture (Weak cosmic censorship). For generic asymptotically flat vacuum

data, the resulting vacuum spacetime has a complete future null infinity I+.

This can be thought of as a form of “global existence”.

Toy model: spherically symmetric Einstein-scalar field system. The analogue

of WCC is true but genericity necessary (Christodoulou 1990, 1999).
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Schwarzschild sits inside the larger non-spherically symmetric Kerr family of

vacuum solutions which was discovered much later (1963).

Like Schwarzschild, these spacetimes again are geodesically incomplete but with

complete I+ and a non-trivial black hole region.
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Unlike Schwarzschild , the part of spacetimeM determined by initial data Σ is

smoothly extendible to a larger spacetime M̃ into which γ enters in finite time.

These extensions are non-unique. What happens to γ?
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Strong cosmic censorship (“Global uniqueness”)

Conjecture (Strong cosmic censorship, Penrose 1972). For generic

asymptotically flat initial data (Σ, ḡ,K) for the Einstein vacuum equations

Ric(g) = 0,

the solution spacetime (M, g) determined by initial data cannot be extended

as a suitably regular Lorentzian manifold.

Whereas “weak cosmic censorship” is a statement of global existence, one

should think of this conjecture as a statement of global uniqueness, or, in more

colloquial language:

“Generically, the future is uniquely determined by the present”.
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Blue-shift instability (Penrose, 1968)

A possible mechanism for instability of the Cauchy horizon (and thus for the

validity of the conjecture, at least restricted to a neighbourhood of Kerr) is the

celebrated blue-shift effect, first pointed out by Penrose:
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Penrose argued that this effect would cause solutions of the wave equation

2gψ = 0 (thought of as a naive model for the linearised Einstein equations) to

blow-up in some way on a fixed Kerr background.
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While linear perturbations as a matter of principle can at worst blow up at the

Cauchy horizon CH+, in the full non-linear theory governed by the Einstein

vacuum equations Ric(g) = 0, one might expect that the non-linearities would

kick in so as for blow-up to occur before the Cauchy horizon has the chance to

form, making the singular boundary spacelike.

A natural working hypothesis was that for generic dynamic solutions of the

Einstein equations, upon perturbation of Kerr, the causal picture would revert

to Schwarzschild:
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Novikov, Starobinski, Belinskii, Khalatnikov, Lipschitz, . . .
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This motivates a “very strong” formulation of strong cosmic censorship

Conjecture (Very strong cosmic censorship). For generic vacuum

asymptotically flat initial data (Σ, ḡ,K), the solution spacetime (M, g)

determined uniquely by initial data cannot be extended as a Lorentzian manifold

even with a metric assumed only continuous, and the entire singularity

can be naturally thought of as “spacelike”.

M

Note that the analogue of vSCC was indeed proven true by Christodoulou

for the spherically-symmetric Einstein-scalar field toy model, together with his

proof of WCC.
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2. Linearised and nonlinear toy models

11



An easier setting than Kerr, which shares the same Penrose diagram, is the

Reissner–Nordström family, a 2-parameter (M,Q) family of spherically

symmetric spacetimes solving the Einstein–Maxwell system.

On this simpler spherically symmetric background, Penrose’s heuristic

blow-up argument for solutions of the linear wave equation

2gψ = 0 (1)

can indeed be turned into a theorem as follows:

Theorem (Luk–Oh 2015). On subextremal Reissner–Nordström with

M > Q ≠ 0, generic solutions of (1) of initially compact support on Σ fail to

have finite local energy at the Cauchy horizon CH+.

See also McNamara 1978, M.D. 2001
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The blow-up of the above theorem is weak!

In particular, the amplitude of the solution remains bounded.

Theorem (A. Franzen, 2014). In both subextremal Reissner–Nordström and

Kerr with M > Q ≠ 0 or M > ∣a∣ ≠ 0, respectively, let ψ be a solution of the wave

equation 2gψ = 0 arising from compactly supported initial data. Then

∣ψ∣ ≤ C

globally in the black hole interior and extends continuously to the

Cauchy horizon CH+.

See also McNamara 1978. Recent extension to extremal case by Gajic 2015.

For the Kerr case, the above theorem relies on polynomial decay results for ψ

on the exterior proven in M.D.–Rodnianski–Shlapentokh-Rothman 2014,

in particular, polynomial decay rates for tangential derivatives of ψ along H+.
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If one “naively” extrapolates the linear behaviour of 2gψ = 0 to the non-linear

vacuum equations Ric(g) = 0, where we identify

ψ Ð→ gµν , ∂ψ Ð→ Γλµν ,

this suggests that the metric extends continuously to the Cauchy horizon

whereas the Christoffel symbols blow up, failing even to be square integrable.

This would make the boundary of spacetime an essential null singularity.

On the other hand, if one believes the original intuition, then the

non-linearities of the Einstein equations should induce blow-up “earlier”, so as

to form a spacelike singularity in accordance with vSCC, across which the

metric cannot be extended continuously.

Which of the two scenarios holds?
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Nonlinear toy model: Spherically symmetric

self-gravitating scalar field in the presence of charge

A toy model which allows one to study non-linear effects at the expense of

introducing symmetry is the following system:

Rµν −
1

2
gµνR = 8π(T

ψ
µν + T

F
µν)

Tψµν = ∂µψ∂νψ −
1

2
gµν∂

αψ∂αψ

TFµν =
1

4π
(gαβFαµFβν −

1

4
gµνF

αβFαβ)

2gψ = 0, ∇
µFµν = 0, dF = 0

This model under spherical symmetry still allows for Cauchy horizons from i+

as it admits Reissner–Nordström as the explicit solution ψ = 0. (It generalises

the Einstein-scalar field system pioneered by Christodoulou, which does not

admit Cauchy horizons from i+ under spherical symmetry.)
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(M, g, ψ), g = −2Ω2(u, v)dudv + r2(u, v)dσS2

∂u∂vr = −
Ω2

4r
−
1

r
∂vr∂ur +

1

4
Ω2r−3Q2,

∂u∂v logΩ
2 = −4π∂uφ∂vφ +

Ω2

4r2
+

1

r2
∂vr∂ur −

Ω2Q2

2r4
,

∂u(r∂vψ) = −∂uψ∂vr,

∂u(Ω
−2∂ur) = −4πrΩ

−2(∂uψ)
2,

∂v(Ω
−2∂vr) = −4πrΩ

−2(∂vψ)
2.
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To understand what happens in the black hole interior, one first must

understand the exterior region, up to and including the event horizon H+:

Theorem (M.D.–Rodnianski, 2003). Consider general asymptotically flat,

spherically symmetric initial data on a two-ended spacelike hypersurface for the

toy-model system.

Then future null infinity is complete H+ and a future-complete two-component

event horizon H+ forms such that along each the geometry tends to a

subextremal Reissner–Nordström, and moreover, the polynomial upper bound

∣∂vψ∣ ≤ Cv
−p

holds for the behaviour of ψ along H+, for a p > 1.

Note that this statement includes the analogue of WCC for the toy model.
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Theorem (M.D. 2003). 1. For all spherically symmetric data as in the

previous theorem, there is a non-empty piece of Cauchy horizon emanating

from i+ across which the metric is extendible continuously:
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2. Assume, in addition, the lower bound on the decay rate

∣∂vψ∣ ≥ Cv
−p

holds. Then the Cauchy horizon is indeed an essential null singularity. The

metric is inextendible as a Lorentzian manifold in C2, in fact, as a Lorentzian

manifold with locally L2 Christoffel symbols, and the scalar field ψ is

inextendible in H1

loc
.
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The lower bound in Part 2. of the above theorem is conjecturally true for

generic, spherically symmetric, asymptotically flat data (cf. the linear Luk–Oh

result referred to previously).

The above theorem proved the heuristic expectation dubbed “mass inflation”

which had been much debated in the literature. See Poisson–Israel 1989,

Ori 1990

Extensions to Λ > 0: Costa–Girão–Natário–Silva 2014
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Thus, for the spherically symmetric toy model, the analogue of “very

strong cosmic censorship” is false.

On the other hand, modulo the open problem of obtaining generically the

conjectured lower bound along the event horizon, it is shown that the solution is

inextendible as a manifold with locally L2 Christoffel symbols.

Motivated by this toy-model, Christodoulou has suggested a reformulation

of strong cosmic censorship in terms of this notion of inextendibility. This type

of inextendibility, though weaker than C0 inextendibility, would at least

guarantee that extensions cannot be interpreted as weak solutions of the

Einstein equations.
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It turns out that if one begins with initial data suitably close to

Reissner–Nordström, then there is in fact no spacelike part of the boundary:

Theorem (M.D. 2013). Assume that the initial data in the above theorem are

sufficiently close to Reissner–Nordström data. Then the Penrose diagram is as

follows:
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The manifold is globally extendible beyond the bifurcate Cauchy horizon as a

manifold with C0 Lorentzian metric.
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The above results show that it in toy-land, naive extrapolation of linear theory

is indeed correct!

Could it be, however, that all the above properties are artefacts of

spherical symmetry?
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3. Leaving toys behind:

Generic dynamical vacuum black hole interiors
without symmetry
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We return to the Einstein vacuum equations

Ric(g) = 0 (2)

without symmetry assumptions.

As with the toy-model problem, in order to study the black hole interior for

the (2) without symmetry, one must first understand the exterior .

Whereas for the toy-model, the stability of the exterior region follows from a

result referred to earlier (M.D.–Rodnianski 2003), for the vacuum (2)

without symmetry, this remains a conjecture:

Conjecture (Stability of the Kerr exterior). Spacetimes arising in evolution

under (2) of Cauchy data sufficiently close to Kerr data indeed possess a

complete null infinity I+ and form an event horizon H+ along which the

solution settles down to a nearby Kerr at a sufficiently fast polynomial rate.

See the talk of Holzegel. Note that this conjecture would include the

statement of WCC in a neighbourhood of Kerr .
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Theorem (M.D.–Luk, to appear). If the “stability of the Kerr exterior”

conjecture is true, then the Penrose diagram of Kerr is also globally stable,

i.e. all vacuum spacetimes (M, g) arising from asymptotically flat data

(Σ, ḡ,K) sufficiently close to a rotating Kerr will have a global bifurcate

Cauchy horizon CH+, and moreover, the metric is continuously extendible

beyond CH+. In particular, “very strong cosmic censorship” is false.
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Actually, our theorem is more general:

Any vacuum black hole settling down to a subextremal Kerr metric at an

inverse polynomial rate will have a piece of Cauchy horizon across which the

metric is inextendible.
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In this more general case, the structure of the remainder of the boundary of the

Cauchy development is completely open.
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4. What is left to be done?
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Open problem 1. Prove the stability of the Kerr exterior!

As noted above, a definitive disproof of vSCC would be an immediate

corollary of the above.
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Open problem 2 (Generic singularity of the Cauchy horizon). Prove that for

generic initial data, the resulting Cauchy horizon CH+ is indeed (globally)

singular in the sense that any C0 extension M̃ as above will fail to have L2

Christoffel symbols in a neighbourhood of any point of ∂M.

This inextendibility notion, identified by Christodoulou, ensures that

extensions (M̃, g̃) cannot be interpreted as weak solutions of the Einstein

vacuum equations. A corollary of the above would be

Corollary. The Christodoulou formulation of strong cosmic censorship is true

in a neighbourhood of the Kerr family.
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