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The Stability Problem

Evolution of perturbed stationary solutions to the Einstein equations.
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The Stability Problem

Evolution of perturbed stationary solutions to the Einstein equations.

Let {g,} be a family of stationary solutions to Einstein equations (EE). Then,
{ga} is stable under small perturbations iff for any solution g to EE with initial

“ " t—o0
data “close"” to that of g, g ——— gy, forsome a’' =a+d.
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The Stability Problem

Evolution of perturbed stationary solutions to the Einstein equations.

Let {g,} be a family of stationary solutions to Einstein equations (EE). Then,

{ga} is stable under small perturbations iff for any solution g to EE with initial
t—o0

data “close"” to that of g, g ——— gy, forsome a’' =a+d.

Conjecture: Kerr(-Newmann) black holes are stable

Initial data, (Xo, g, k), for the Einstein equation which are sufficiently close to a
Kerr(-Newman) black hole evolve asymptotically in time to another member of
the Kerr(-Newman) family.
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Einstein—Maxwell Equations

Gravitational field interacts with electromagnetic radiation

Ric(g) = 2F - F — % IFI> g
dF =0, div F=0

F.. : electromagnetic tensor (F = d A).
Reissner-Nordstrom spacetime (1917): |Q| < M

oM Q2\ !
gM’Q:_<1_T+?>dt2+<1_T+%> dl’2+l’2’y§2
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Motivation

The Linear Stability of Reissner—Nordstrom Spacetime:
The Full Subextremal Range Q| < M

Elena Giorgi(®  © Springer
D of Math ics, Princeton Uni ity, Princeton, USA.
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What about the linear stability of extremal RN spacetime, |Q| =M ? J
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What about the linear stability of extremal RN spacetime, |Q| =M ? )

(Physics)
@ About 70% of the stellar black holes are near-extremal (rotating very fast).
@ Observational signatures

@ Supersymmetry, holography and quantum gravity (Zero entropy)
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What about the linear stability of extremal RN spacetime, |Q| =M ? J

(Physics)
@ About 70% of the stellar black holes are near-extremal (rotating very fast).
@ Observational signatures

@ Supersymmetry, holography and quantum gravity (Zero entropy)
(Math)

@ Degeneracy of the red-shift effect on the event horizon H™T.
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What about the linear stability of extremal RN spacetime, |Q| =M ? J

(Physics)
@ About 70% of the stellar black holes are near-extremal (rotating very fast).
@ Observational signatures
@ Supersymmetry, holography and quantum gravity (Zero entropy)
(Math)
@ Degeneracy of the red-shift effect on the event horizon H™T.

@ Trapping effect on degenerate horizons.
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Motivation

The Linear Stability of Reissner—Nordstrom Spacetime:
The Full Subextremal Range |Q| < M

Elena Giorgi(®  © Springer
Dep of Mathematics, Princeton University, Princeton, USA.

What about the linear stability of extremal RN spacetime, |Q| =M ? J

(Physics)
@ About 70% of the stellar black holes are near-extremal (rotating very fast).
@ Observational signatures
@ Supersymmetry, holography and quantum gravity (Zero entropy)
(Math)
@ Degeneracy of the red-shift effect on the event horizon H™T.
@ Trapping effect on degenerate horizons.
@ Horizon instabilities manifest for the scalar wave equation (Aretakis

Instability).
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ERN Geometry

Ingoing Eddington-Finkelstein coordinates: (v, r, 6, ¢)

M 2
8erv = —D(r)dv2 + 2dvdr + r? Y, D(r) = (1 - _>

o T := 01 is normal to the event horizon H*, tangent to it's null
geodesics/generators.

oY = 8@ is transversal to Ht

ar .
ar “

Marios Antonios Apetroaie (Uni Miinster) Linear (In)stability of ERN March 8, 2024 5/19



Aretakis Instability

Y=0 (1)

8ERN

Conservation Laws along H* (Stefanos Aretakis.2010 )

For all solutions ), to (1), supported on the fixed angular frequency £ € N, i.e.
Ay = —N,zilzw, there exists a quantity

He[sbe] = 07 e + Zf:o Bi - Oy

which is conserved along the null geodesics of H™. (He[w] # 0, generically on H™'.)
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Aretakis Instability

Uepp ¥ =0 (1)
Conservation Laws along H* (Stefanos Aretakis.2010 )

For all solutions ), to (1), supported on the fixed angular frequency £ € N, i.e.
Ay = —e(—zfrl)wg, there exists a quantity

Hel[e] = 0 pe + - Bi - Bl

which is conserved along the null geodesics of H™. (He[w] # 0, generically on H™.)

Idea: In (v, r,0,¢) coordinates,
O = DO, 0, + 20,0,¢ + 20,0 + RO + Ay

For spherical symmetric solutions 1), i.e. Ay = 0, along the horizon H* we have
D(r = M) = R(r=M) =0, thus

T (204 + 4¢) =0
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Aretakis Instability

gERNw = (1)

Conservation Laws along H* (Stefanos Aretakis.2010 )

For all solutions ), to (1), supported on the fixed angular frequency £ € N, i.e.
Ay = —N,ZLQW, there exists a quantity

Helshe] = 0F e + 1o Bi - Dl

which is conserved along the null geodesics of H™. (He[w] # 0, generically on H™'.)

@ Decay: For all kK </, we have
|8k1/1g| T,
o Non-decay:
O e Tl
@ Blow-up: For all k € N, we have

O+ 14k K
IRy ~p Hp - 7
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Linearized Einstein—Maxwell equations

Represent the Einstein—-Maxwell equations with the non-linear operator

Elp] =0 )

Let ¢ be a family of stationary solutions to (2).

S|
5 len

Study solutions 1) asymptotically in time.
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Linearized Einstein—Maxwell equations

Vax + (6+20)X = —2P3¢—

Vax + (k + 2w)

- M N
st+( )x = —2¢2n—§q
- - L1
WAK"‘(EK.—ZM)K = —21)22—5@(.
1
Vst + 5 K +2wk = 2divE
1
Wm-v»in +2w kK = 24ivE,
1
Var + im—zm = 2divn+2p,
VAE‘*%'CE—L/E = 2divn+2p,
1 1
v = —5aC— S Pi0)+ 8- TpEB,
1 1
vy = GG =5 Pils0) =B+ Tp
Vaw+Vaw = dww+p+ Fp2
afly = o,
afly = -0
K o= —te—ps O
1
Vs Ep+aFp = —div

- -

=)l
I

ViFp+rFp = div P

Vs Potx Fb = —cghl

94 %+

Marios Antonios Apetroaie

kP = afl Fp

Jni Miinster)

Yo+ (% ‘@) ¢
ViC + (1~—2u)<
Vi€ = Van
V€ = Van

Vs ‘F)ﬁ+(

= 2Pi(w,0) - (h+2w) (lm+m)§_§_tr>‘,w)ﬁy
= -2Pi(w.0)+ (n+2w) (%Euﬁ)g_/,_w&,(%_

= ) baeg-- e,

# (=) + 4w + 5+ Fp3,

1
2
2) = =B )+ 25,

W‘F’/H( Lecow) P = pi(Fp =y —2)y

Voot (zr-ta)a = —2ams-ag-2% (P F5+ Fhg),

m+(§~—4u)g = app-sg+20p (HB- ),

VsB+(E—2w)B =
Vi +(k=-2)B =
VaB+(26+2w)8 =
ViB+ (26 +2w)3 =
Vsp+%5ﬂ =
Vap-*-gw =
73n+§50 =

2

Yo + gxﬂ =

Pi(=p,0) + 300 + “’)p(v.(—‘”p )~ kP —N)ﬁ)
Pit0.0) = 3om+ ©p (BT, P - 5P - ).
—diva—3p¢+ P (Vs 7B +2 42 g).
divat3p¢+ Pp (74P +20 )5~ 2Fpe)

—x P2 — v - Fhp ghv P,

=k Ep? 4 div B+ Fp div F)3,

—cufl § = Flp eyl g,

—cufl B— Fp cfl F3
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Linearized Einstein—Maxwell equations

—2PA—3px—2F)p (Iﬂé B+ ‘”ﬂi) ,

=
+
P
Ll
I=
|
i
N
I

Yaa + (ﬁx-rlw) a =
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Teukolsky system of + spin

For Schwarzschild (p.H.R., 2016)
Og, @+ c(rVra+d(r)Vya+ V(rja=0
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Teukolsky system of + spin

For Schwarzschild (p.H.R., 2016)

T(a) :=0g a+c(r)Vra+d(r)Vya+ V(rja=0
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Teukolsky system of + spin

For Schwarzschild (p.H.R., 2016)
T(a) =0 a+c(r)Vra+d(r)Vya+ V(r)a=0

For Reissner—Nordstrom

1_ @ @
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Teukolsky system of + spin

For Schwarzschild (p.H.R., 2016)

T(a) =0 a+c(r)Vra+d(r)Vya+ V(r)ja=0

For Reissner—Nordstrom

(1) 1)

= = —l A(F) (F) v

(+2 spin) T(a) = 5i(f), f: ZV%? 3 + I
T() = Saa,b), b:=2F)p 3 -3, F3
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Teukolsky system of + spin

For Schwarzschild (p.H.R., 2016)

T(a) =0 a+c(r)Vra+d(r)Vya+ V(r)ja=0

For Reissner—Nordstrom

(1) 1)

= = —l A(F) (F) v

(+2 spin) T(a) = 5i(f), f: ZV%? 3 + I
T() = Saa,b), b:=2F)p 3 -3, F3

(+1 spin)  T(b) = S3(a, )
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Teukolsky system of + spin

For Schwarzschild (p.H.R, 2016)

T(a) =0 a+c(r)Vra+d(r)Vya+ V(r)ja=0

For Reissner—Nordstrom

1) (1)

~ Y e
T(§) = S2(a, b), b= 20F) § —3p (F3

(+1 spin)  T(b) = S3(a, )

Teukolsky system in RN. (Elena Giorgi, 2018)

T(a) =s1 Vo, f+w f T(a) =s_,Vof+w._f
TH=sb+wa T()=s,b+w ,a
T(b) =s3 divi+ws diva T(b) =s_, divi+w_, diva

Studying the above system directly is not possible*
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Regge—Wheeler System

q" =rv, (cl(r) . f)
Transformation: v ( B b)
p=rVp | c(r)-
O, @ — Ai(r) - 4" = m(r)Y®p
DgERNp B A2(r) p= hz(r)d/qu
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Regge—Wheeler System

q" =1V, (cl(r) . f)
Transformation:
p=rVs, (cz(r) . b)
Ogrn @ — Ai(r) - g7 = m(r)YEp
Og,., P — A2(r) - p = ha(r)divg"
l
+ Vi = ——A —
gERN¢ 1(r)¢ M2 "ﬁ (b _ r2 (d//vd/qu7 Cl/r/d/qu)
Og, . 0 + Va(r)y = 7¢ ¢ =r (divp, cyrlp)
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Regge—Wheeler System

q" =1V, (
Transformation:

p= rV@,(

DgERNq - Al(r) ’ qF = hl(r)W@@p

DgERNp - A2(r) p= h2(r)d/qu

|
1 1

Ogpry @ + Va(r)o = —Zﬁfﬁ - ¥
8> 0=
Og, ¥ + Va(r)y = 5 ¢ Y=

Scalar Regge—Wheeler equations (RW) J \Ilfe

() (2) o
(g~ V") W =0, 24 i=1,2
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ai(0, M) + bi(€, M)y
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Qualitative behavior of solutions to (RW)

Conservation Laws along #H ™. (A. 2022)

Let \Ilf-z), £ > i, be a solution to (RW), i.e. D\llﬁa — \/,-(e)\llf-l) = 0, then the quantities

Hiwi] = 0520y + 3200 o - olwy)

HiWa] = 00wy + 30 o] - ojwy

are conserved along the null generators of H*.
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Qualitative behavior of solutions to (RW)

Conservation Laws along #H ™. (A. 2022)

Let \Ilf-z), £ > i, be a solution to (RW), i.e. D\llﬁa — \/,-(e)\llf-l) = 0, then the quantities
Hiwi] = 0520y + 3200 o - olwy)

HiWa] = 00wy + 30 o] - ojwy

are conserved along the null generators of H*.

Decay along #H™:

ow? | 220 k<t42
k (e) T—00
oIV, | —= 0, k< /
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Qualitative behavior of solutions to (RW)

Conservation Laws along #H ™. (A. 2022)

Let \IJE-Z), £ > i, be a solution to (RW), i.e. D\llﬁa — \/,-(e)\llf-l) = 0, then the quantities
Hiwi] = 0520y + 3200 o - olwy)

mwﬂ_a%2+z a%

are conserved along the null generators of H*.

+.
Decay along 717 Non-decay and Blow-up along H*:

ks (4) T—00
8 —>0, k<€+2 °8£+2+kwl()NkHe[wl]'Tk7 kEN
owy | T2 0 k<o 0 0,V (1) ~, Hi[Ws] - 7%, keN
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Qualitative behavior of solutions to (RW)

Conservation Laws along #H ™. (A. 2022)

Let \IJE-Z), £ > i, be a solution to (RW), i.e. D\llﬁa — \/,-(e)\llf-[) = 0, then the quantities
Hiwi] = 0520y + 3200 o - olwy)
He[wa] = by + PIpiy d - oy

are conserved along the null generators of H*.

+.
Decay along 717 Non-decay and Blow-up along H*:

ks (4) T—00
8 —>0, k<€+2 °8£+2+k\ul()NkHe[wl]'Tk7 kEN
owy | T2 0 k<o 0 0,V (1) ~, Hi[Ws] - 7%, keN

£=2 2
Note,the most dominant along H™ is \Il(2 ! with a?w;) T2 H, L[]
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On the horizon instability of an extreme
Reissner-Nordstrom black hole

James Lucietti®, Keiju Murata®l Harvey S. Reall®t
and Norihiro Tanahashi®®

April 24, 2013

@ Moncrief's formalism.

I'=1o0dd I>1odd =1 even 1> 1 even
v Py Py H Ry
Wl=a 6 I+ ) +1+21+1) [§ I+ 1) +1£(21+1)
P 3 TE1 2 TE1

Table 1: Conserved quantities Hp[)] for Moncrief’s perturbations.
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On the horizon instability of an extreme
Reissner-Nordstrom black hole

James Lucietti®, Keiju Murata®l Harvey S. Reall®t

@ Moncrief's formalism.

and Norihiro Tanahashi

April 24, 2013

dg

I'=1o0dd I>1odd =1 even 1> 1 even
0 Py Py H R
Wli—n 6 I+ ) +1£20+1) 6 I+ 1) +1£(20+1)
P 3 TE1 2 TE1

Table 1: Conserved quantities Hp[)] for Moncrief’s perturbations.

@ For ¢ =2 odd parity perturbations the conserved quantities are

o Pp ~ W and P_~ WY

Hy([P]

Hy[Py]

(P +

. 2,
(()EP_ + Hdrp_)

'")r=,1[

r=M
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Estimates for the Regge—Wheeler tensorial system

@ Using the estimates for \Ilf-e), we control ¢y, 1y,
(£) (£) () (£)
pe=ca -V +c-V,, Yp=di -V +do-V,

They both inherit the behavior of wgf’ asymptotically on H*.
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Estimates for the Regge—Wheeler tensorial system

@ Using the estimates for \IJf-Q, we control ¢y, 1y,
(€) (€) (£) (2)
gbg:Cl'\Ul +C2'\U2, w22d1~w1 +d2~\lf2

They both inherit the behavior of wg@) asymptotically on H*.
@ Using standard elliptic identities we obtain

> Decay: lple Syt [Veple Su7

1
7

T—>00

T v

»> Non-Decay: varp |52 .

Zu IHelVells -T2 k>3

> Blow-up: ||V5,p||..
T,M
where ||§H§3r = [o r?sinfdfd¢ €.

o Similar estimates hold for g© ( Same order of instability ).
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The + spin Teukolsky solutions

Theorem (A. 2022).

Let o, f,b and a,f, b be solutions to the Teukolsky system, then for generic initial data,
they all decay away from the event horizon H™, i.e. {r > ro}, o > M.

black hole
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The + spin Teukolsky solutions

Theorem (A. 2022).

Let o, f,b and g, f, b be solutions to the Teukolsky system, then for generic initial data,

they all decay away from the event horizon H™, i.e. {r > ro}, o > M. In addition,
along H™ we have
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The + spin Teukolsky solutions

lglls, = [, r*sin0d0dg €17, 11€]lc (7) = lI€ll oo (s,

Theorem (A. 2022).

Let o, f,b and g, f, b be solutions to the Teukolsky system, then for generic initial data,

they all decay away from the event horizon H™, i.e. {r > ro}, o > M. In addition,
along H™ we have
Positive spin:

@ Decay: ‘ (‘r), ’ VEZbH (7), and HV§404 (7) black hole
oo

@ Non-decay: ||V f”sT ||V3b|| , and ||V5Yoc||ST

@ Blow-up: HV"H&H ~, 7k, and ||Vk+5aH 'rk, ¢ e {f,b}.
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The + spin Teukolsky solutions

l€lls, = st r?sin0d0de €17, (|l (7) = [1€ll oo (s,

Theorem (A. 2022).

Let o, f,b and g, f, b be solutions to the Teukolsky system, then for generic initial data,

they all decay away from the event horizon H™, i.e. {r > ro}, o > M. In addition,
along H™ we have
Positive spin:

® Decay: ‘ ™. va%” (1), and HV§404 (r) e el
.
@ Non-decay: ||v f||ST ||V3b|| , and ||v5ya||sT
@ Blow-up: Hvk”gH ~, 7, and ||vk+5a|| %, ¢ € {f,b}.
Negative spin:
® Decay: ||f|| (), Il ()
@ Non-decay: Hvny , IVvlls, » and [lals,
@ Blow-up: ||vk+1§|{ ~, 7%, and ||vkya|| ™ ¢e{jp}.

Marios Antonios Apetroaie (Uni Miinster) Linear (In)stability of ERN March 8, 2024 13/19



Estimates for the +spin f, b Teukolsky solutions

Recall
() a" = Ve, (a(r) )
Thus,
Vi =a(n) - Vhe" + L7 e + k() - f
Using (x) we show decay estimates for §. For higher order, we have

> Decay: ”Wg,f L

S )

» Non-Decay: ”W;{f =

0<k<2.

c \|He:2[‘|’2]||sg’M

2
ST,M

» Blow-up: va,f

> » . k=3 >
o, |He=2[Vellls2 | -7 VY k24

T

Identical estimates hold for the gauge invariant quantity b as well.
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Estimates for the +2-spin o Teukolsky solution

Linearized Bianchi equation induces the relating transport equation

Vo, (ra) = ci(r) - V&b + ca(r) - f

1
. )Wga <, T, 0<k<2.
" Loo(si,M) T
1
va{za Su —rr 1<k<?
re(s2,) T (5F)
1
T oo ~ ~ i
. |[¥5a =2 (@l HealVallT , + & [HslvallE )
53 M M M
. ’Vgra , > T vV k> 6.
. :

T
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The negative spin case
The transformation equations leading to Regge—Wheeler solutions are

q" =2V, () + rVa,(r* D),
p=2r°Vy,(b) + rVs,(r*Db).
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The negative spin case
The transformation equations leading to Regge—Wheeler solutions are

q" =2V, () + rVa,(r* D),
p=2r°Vy,(b) + rVs,(r*Db).
Linearized Bianchi equation for o induces the relating equation
2V, a+ D(r)Va,a+ D'(r)e(r) - a = ci(r) - V&b + c(r) - f
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The negative spin case
The transformation equations leading to Regge—Wheeler solutions are

q" =2V, () + rVa,(r* D),
p=2r°Vy,(b) + rVs,(r*Db).
Linearized Bianchi equation for o induces the relating equation
2V, a+ D(r)Va,a+ D'(r)e(r) - a = ci(r) - V&b + c(r) - f

Along the event horizon H™ we have

Vo, () ~ q, Vo, (b) ~p
Vo, o ~ V@ﬁ +f
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The negative spin case
The transformation equations leading to Regge—Wheeler solutions are
q" =2V, () + rVa,(r* D),
p=2r°Vy,(b) + rVs,(r*Db).
Linearized Bianchi equation for o induces the relating equation
2V, a+ D(r)Va,a+ D'(r)c(r) - a = c(r) - Vb + o (r) - |

Along the event horizon H™ we have

Vo, () ~ q, Vo, (b) ~p
Vo, o ~ V@ﬁ +f

Idea: VyVTf ~ Vyg"- and Vy Vb ~ VyB. We use Teukolsky and arrive at
f~b~(Vygh +Vyp)

Compare with the positive spin case

q" ~Vy(f)
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Nonlinear Scalar Perturbations of Extremal
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What happens at the horizon(s) of an extreme black

hole?

Keiju Murata', Harvey S Reall® and Norihiro Tanahashi’

Abstract

We study numerically the nonlinear evolution of this instability

for spherically symmetric perturbations of an extreme Reissner—Nordstrom

(RN) black hole. .....

9,¢ decays

2
ar ¢ does not decay
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Gravitational instability of an extreme Kerr
black hole

James Lucietti®* and Harvey S. Reall’f

Furthermore, we learn that if 0¥, decays then a transverse derivative of J¥, genericallv
does not_decay along ‘H* and certain second transverse derivatives will blow up along H™.

If 6Wy and its first 4 derivatives decay then a 5th transverse derivative generically will not
decay, and a 6th transverse derivative will blow up, It appears that the Weyl component
_perturbation 9 exhibits worse behaviour that 6W.

0V, <— extreme curvature component, o

(5\|10 <— extreme curvature component, «

Similar numeric results have been produced by other authors including: Khanna,
Burko, Sabhawal, Zimmerman, Gralla, Casals, ...
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Gravitational instability of an extreme Kerr
black hole

James Lucietti®* and Harvey S. Reall’f

Furthermore, we learn that if W, decays then a transverse derivative of ¥, ge:
does not_decay along ‘H* and certain second transverse derivatives will blow up almug HE.
If 0¥, and its first 4 derivatives decay then a 5th transverse derivative generically will not
decay, and a 6th transverse derivative will blow up, It appears that the Weyl component
_perturbation 9 exhibits worse behaviour that 6W.

0V, <— extreme curvature component, o
(5\|10 <— extreme curvature component, «

Similar numeric results have been produced by other authors including: Khanna,
Burko, Sabhawal, Zimmerman, Gralla, Casals,

@ +2 Spin: The same asymptotic behavior is realized along the horizon H™,
when compared to ERN.
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Gravitational instability of an extreme Kerr
black hole

James Lucietti®* and Harvey S. Reall’f

Furthermore, we learn that if 40, decays then a transverse derivative of
does not_decay along ‘H* and certain second transverse derivatives will blow up "Jlong HE.
If 0¥, and its first 4 derivatives decay then a 5th transverse derivative generically will not
decay, and a 6th transverse derivative will blow up, It appears that the Weyl component
_perturbation 9 exhibits worse behaviour that 6W.

0V, <— extreme curvature component, o
0V, <— extreme curvature component, «

Similar numeric results have been produced by other authors including: Khanna,
Burko, Sabhawal, Zimmerman, Gralla, Casals,

@ +2 Spin: The same asymptotic behavior is realized along the horizon H™,
when compared to ERN.

@ -2 Spin: The linearized gravity in ERN exhibits more “unstable” behavior
than this of EK (axisymmetric-linear perturbations).
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Gravitational instability of an extreme Kerr
black hole

James Lucietti®* and Harvey S. Reall’f

Furthermore, we learn that if 40, decays then a transverse derivative of
does not_decay along H* and certain second transverse derivatives will blow up along H*.
If 0¥, and its first 4 derivatives decay then a 5th transverse derivative generically will not
decay, and a 6th transverse derivative will blow up, It appears that the Weyl component
_perturbation 9 exhibits worse behaviour that 6W.

0V, <— extreme curvature component, o

0V, <— extreme curvature component, «

Similar numeric results have been produced by other authors including: Khanna,
Burko, Sabhawal, Zimmerman, Gralla, Casals, ...

@ +2 Spin: The same asymptotic behavior is realized along the horizon H™,
when compared to ERN.
@ -2 Spin: The linearized gravity in ERN exhibits more “unstable” behavior
than this of EK (axisymmetric-linear perturbations).
» In the non-axisymmetric case, the Hartle-Hawking Weyl scalar 14 seems to
blows up asymptotically along H*. (Z.G.C)
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